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We present a theory of quantum gravity that combines quantum field theory for particle dynamics
in space-time with classical Einstein’s general relativity in a non-riemannian Finsler’s space. This
approach is based on the geometrization of quantum mechanics proposed in refs. [1, 2] and combines
quantum and gravitational effects into a global curvature of the Finsler’s space induced by the
quantum potential associated to the matter quantum fields. In order to make this theory compatible
with general relativity, the quantum effects are described in the framework of quantum field theory,
where a covariant definition of ‘simultaneity’ for many-body systems is introduced through the
definition of a suited foliation of space-time. As in Einstein’s gravitation theory, the particles
dynamics is finally described by means of a geodesic equation in a curved space-time manifold.
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INTRODUCTION
The quest for a theory that reconcile quantum theory with general relativity has attracted the interest of many
researchers since the early sixties of the past century. However, no single theory has yet emerged as the leading
one and, on the contrary, we have witnessed a proliferation of different approaches that lead to the development of
new fields of research in mathematics and theoretical physics. A thorough summary of the different approaches is
certainly beyond the purpose of this study and therefore we orient the interested readers towards the more specialized
literature.
Following the ‘classification’ proposed in [3], the attempts to combine quantum theory with gravitation led to
the development of several distinct, but also interconnected, theoretical models. The most promising among these
candidates for quantum gravity is probably string theory. From a fundamental prospective string theory is developed
from the quantum field theory of one-dimensional objects, the strings, which take the place of the original point
particles. One of the vibrational states of the strings corresponds to the graviton, the quantum mechanical particle
that carries the gravitational force [4]. Alternatively, other consistent theories of quantum gravity are obtained from
the quantization, with different flavours, of the gravitational field and corresponding metric tensor, or of the space-time
itself. The most successful among these theories is probably loop quantum gravity [5, 6]. In this case, space-time is
quantized producing a granularity of space (quantum of space), which defines a minimum scale distance through which
matter can travel, known as Planck length. At this scale, space is conceived as a ‘tissue’ of finite loops also known as
spin networks, whose dynamics produces spin foams. Mathematically, these objects correspond to a generalization of
the Feynman diagrammatic perturbation theory where instead of a graph, a higher dimentional 2-compex topological
space is used [7, 8]. In addition to these two main research lines, there have been several other directions proposed,
which include: Euclidean quantum gravity [9] based on Wick-rotation of the Minkowski space; twistor theory [10],
which maps Minkowski space to a new geometrical object in a complex coordinate space known as twistor space;
and noncommutative quantum field theories that play an important role in M-theory [11]. Despite the beauty of the
formalisms, none of these alternative theories has developed into a firm physical model of quantum gravity but they
are mainly confined into the realm of mathematical hypotheses with limited experimental evidences.
To these well established theories for quantum gravity we also need to add a series of alternative approaches that
aim at deriving a relativistic covariant formulation of quantum theory in the framework of Bohmian mechanics [12–
14] and its field theory extension [15]. The first attempt to derive a fully consistent covariant version of Bohmian
dynamics is due to DeWitt [16] and Folreanini [17] and was later followed by the extensions developed by Holland [18].
They showed that a consistent covariant formulation of Bohmian field theory is possible for both scalar and spinor
fields leading to a new framework for a possible unification of quantum theory with gravitation. More recently, Du¨rr
and coworkers [19] made an additional step in this direction showing how a relativistic space-time Bohmian theory
of many-body dynamics can be achieved using a privileged foliation of space-time, the same that we will use in our
approach. However, also in this case the purpose was to demonstrate the compatibility of Bohmian dynamics with
general relativity and not the one of deriving a consistent theory of quantum gravity.
In this work, we will take a different path and propose a quantum gravity theory where the quantum fields produce
a further curvature (in addition to the one induced by the energy-matter tensor) of an extended space-time through
the action of the quantum potential, which then guides the time evolution of point particles along geodesic paths.
2This new theory of quantum gravity is based on three fundamental pillars: the many-body field theory of relativistic
particles, the Bohmian theory of quantum potential extended to field theories, and the extension of space-time
(pseudo-) Riemann geometry to Finsler’s geometry [20–23]. The quantum field theory is formulated in the extended
configuration space, M , of dimension 4N , where N is the number of particles in the system. The time variable
associated to each particle is a monotonic function of a global time parameter τ . The quantum potential associated to
the quantum fields induces a curvature in the tangent bundle P≡ TM, which together with the classical gravitational
component guides the particle dynamics.
In the first section of this paper, we will present the many-body (Dirac) theory in the relativistic space-time manifold
putting particular emphasis on the definition of a covariant concept of ‘simultaneity’ for general relativity [24–26].
This will allow us to define unambiguously the concept of a relativistic invariant many-body quantum potential in a
foliation of space-time. The third section will be devoted to the description of Finsler’s geometry in the multi-time
extended phase space, where the quantum potential enters in the definition of the metric tensor and the corresponding
non-linear Cartan connection. Finally, in section four, we will derive Einstein’s field theory in the extended Finsler’s
space and describe its connection to the original classical theory formulated by Einstein in 1915 [27]. A summary of
the main steps is given in Fig. 1.
Covariant many-particle
Dirac field equation through
foliation, F , of space-time
Lorentz-invariant quantum
potential, Qi(x¯N ) [Eq. (7)]
Quantum Lagrangian in
Finsler’s space, Lq [Eq. (11)]
Covariant quantum Lagrangian
in Finsler’s space, LC [Eq. (14)]
with metric g˜ [Eq. (15)]
General relativity: Covariant
action, Ag [Eq. (17)], in
Riemann space with metric g
Combined action AC(g, g˜) [Eq. (18)]
Field equations in Finsler’s space
with combined quantum and grav-
itational effects [Eqs. (19)-(20)]
FIG. 1: Diagram summarizing the logical flow of this work.
THEORY
Relativistic field theory in a space-time manifold
In field theory, one can formulate a Dirac equation for a many-body system using the multi-time wavefunction
Ψ(x1, x2, . . . , xN ) in the N -particle spinor space of dimension (C
4)⊗N
iγµk ∂k,µΨ(x1, x2, . . . , xN )−mkΨ(x1, x2, . . . , xN ) = 0 (1)
where xi belongs to the Minkowski space, k = 1, . . . , N , γ
µ
k = 1 ⊗ · · · ⊗ γν ⊗ 1 ⊗ · · · ⊗ 1 with γν in position k (see
Appendix A). The system wavefunction Ψ(x1, x2, . . . , xN ) is derived from the Dirac spinor operator ψ(x) [28]
Ψ(x1, x2, . . . , xN ) =
1√
N !
〈0|ψ(x1) . . . ψ(xN )|Ψ〉 (2)
3where the field operator ψ(x) for a particle i fulfils the Dirac field equation
(iγµ ∂µ −mi)ψ(x) = 0 (3)
and mi is the particle mass. Note that ψ(xi) denotes a Dirac field (annhilation) operator while Ψ(x1, x2, . . . , xN )
is the many-electron wavefunction obtained by applying N times the Dirac creation operator ψ†(xi) to the vacuum
state |0〉. The anti-commutation relations {ψα(x), ψβ(y)} = {ψ†α(x), ψ†β(y)} = 0, and {ψα(x), ψ†β(y)} = δαβδ(3)(x− y)
apply to the Dirac field operators with spinor indices α and β. So far, the theory is formulated for the case of
free, non-interacting, Dirac particles. However, we can apply the perturbation theory for field operators to describe
particle interactions and then use Eq.(2) to recover the interacting many-particle wavefunction from the interacting
fields ψ(xi) at different positions xi.
The use of the many-time formulation with a time variable for each particle introduces the problem of the definition
of simultaneity in general relativity. While in special relativity simultaneity acquires a clear physical meaning when an
inertial frame is specified, in general relativity there is no global inertial frame and therefore the concept of ‘equal-time
events’ remains ambiguous. However, as discussed in ref. [26], in general relativity the concept of simultaneity can
be replaced by the more general one of ‘events belonging to the same three-dimensional space-like hypersurface’ [24,
25, 29]. In this case, events belonging to the same space-like hypersurface occur at the same global time, s. The time
variable, x0i , associated to each i-th particle of the system, xi, is therefore parametrized by s, which measures the
progress of the dynamics of all particles. Further, the families of space-like hypersurfaces corresponding to different
global times s define a slicing or foliation F of space-time with slices (or leafs) Σs. More precisely, in general relativity
the geometry of space-time is described by the Lorentzian manifold (M, g(x)) of dimension 3 + 1. At each point x
in space-time the metric g(x) defines a linear space (TxM, g(x)) which is locally isometric to the Minkowski space-
time R3+1 and defines the null cone Nx = {X ∈ TxR3+1, g(x)(X,X) = 0}. In particular, the corresponding local
Minkowski frame defines a spacelike plane of simultaneity that bisects the cone Nx and that coincides locally with
the selected hypersurface Σs. It is worth mentioning, that - even though rigorous - the definition of the foliation F
is somehow arbitrary [25, 26]. However, in the next section we will introduce a choice of F , which will generate fully
covariant equations of motion for all particles.
The ensemble of the coordinates of all particles in the system is therefore characterized by the extended configuration
space vector x¯FN = (x
Σs
1 , x
Σs
2 , . . . , x
Σs
N ) with x
Σs
i = (x
0
i (s), x
1
i (s), x
2
i (s), x
3
i (s)) on the hypersurface Σs of the foliation
F .
Lorentz invariant Bohmian dynamics in field theory
Central to the definition of dynamics in general relativity is the concept of mass particles. In the Bohmian inter-
pretation of quantum theory, the field introduced in Eq. (3) and the corresponding many-particle wavefunction Ψ
(Eq. (2)) are ‘mathematical’ quantities that guide the particle dynamics [1, 18] and are not directly related to any
physical observable. In this letter, in order to preserve the particle nature of the relativistic formulation of Bohmian
mechanics we will not pursue the Bohmian field theory approach in the so-called Schro¨dinger representation [15, 18].
Instead, we will use the many-time framework outlined above to formulate a relativistic invariant particle dynamics
in which the Bohmian quantum potential is derived from the relativistic quantum fields and the related many-particle
wavefunctions defined in Eqs. (2) and (3). For a detailed account on Bohmian field theory we referred to the specialized
literature [18, 30, 31].
Following [25], we can define a particle dynamics in the extended configurations space of coordinates x¯FN by means
of the vector field
x˙Σsi = Kiv
F
i [Ψ(x¯
F
N ), x¯
F
N ] (4)
where the 4-vector vFi [Ψ(x¯
F
N ), x¯
F
N ] has components (µi = 0, 1, 2, 3)
vF ,µii [Ψ(x¯
F
N ), x¯
F
N ] = J
µ1...µN (x¯N )n
F
µ1(x1) . . . n̂
F
µi(xi) . . . n
F
µN (xN ) (5)
and where nFµi(x) is the future-directed normal vector of the hyperplane Σs at xi, .̂ . . indicates that the term is
omitted, Ki is a constant, and
Jµ1...µN (x¯N ) = 〈Ψ| : 1
N !
ψ¯(x1)γ
µ1ψ(x1) . . . ψ¯(xN )γ
µNψ(xN ) : |Ψ〉 . (6)
4In Eq. (6), : : stands for normal ordering. For a covariant choice of the foliation (see [24, 25]), the multi-tensor
Jµ1...µN (x¯N ) defines a covariant direction field for all particles, implying that the equation of motion in Eq. (4) is also
covariant.
In this work, we propose a unified quantum gravity theory in which both quantum field theory and general relativity
act on the curvature of space-time. To this end, as described in refs. [1, 2], we need to define a quantum potential for
the Dirac spin wavefunction in Eq. (2). The quantum potential is given by
Qi(x¯N ) = − ~
2
2mi
∇2iA(x¯N )
A(x¯N )
(7)
where A(x¯N ) = (J
µ1...µN (x¯N )Jµ1...µN (x¯N ))
1/2 [18, 32, 33] and is therefore covariant (as well as Qi(x¯N )). Note that
A2(x¯N ) corresponds to the probability density in the rest frame while the 0-component J
0...0(x¯N )J0...0(x¯N ) is not
Lorentz invariant [18].
Finsler dynamics in relativistic quantum mechanics
Recently, a new geometrical description of quantum dynamics based on Finsler’s geometry was introduced, which
defines the metric tensor as a function of the positions and velocities in the cotangent bundle [1]. Within this
framework, particles evolve along geodesic paths in a curved phase space manifold where the curvature is induced by
the action of the quantum potential. The theory is fully deterministic and does not imply any form of probabilistic
interpretation as the wavefunction nature of quantum theory is absorbed into the geometry of the space. The dynamics
occurs in an extended phase space of dimensions 2× (3N +1) that includes time explicitly, while the evolution along
the geodesic path is parametrized in the proper time, s [1].
In order to guarantee relativistic covariance, it is necessary to move to the multi-time framework already introduced
in Eqs. (1)-(3). The dimension of the multi-time phase space is now 2× 4N . The generalization of the non-relativistic
geodesic dynamics to the multi-time relativistic case requires the formulation of the equation of motion of each
individual particle, separately. In the following, we will use the variable x = (x1, . . . , xN ) with xi = (x
0
i , x
1
i , x
2
i , x
3
i )
for the positions and y = (y1, . . . , yN) with yi = (x˙
0
i , x˙
1
i , x˙
2
i , x˙
3
i ) for the corresponding velocities, with x˙
a
i = ∂x
a
i /∂s
(a ∈ {0, 1, 2, 3}) where s is the global time variable defined by the choice of the foliation F . For a specific particle
of interest (any one of the ensemble) we associate the geodesic curve s 7→ x(s) = ζ(s) [1, 20] with components
(ζ0(s), . . . , ζ3(s)) and velocities s 7→ y(s) = ζ˙(s) (using Einstein’s summation convention and a, b, c = 0, . . . , 3)
ζ¨a +Nab(ζ(s), ζ˙(s))ζ˙
b = −gab∂V (r)/∂ζb , (8)
where
Nab(ζ(s), ζ˙(s)) =
1
2
∂¯b(Γ
a
cd(ζ(s), ζ˙(s))ζ˙
cζ˙d) (9)
is the non-linear Cartan connection (Appendix B) and Γabc =
1
2g
ad(gdc,b+gdb,c−gbc,d) are the generalized connections
(with gab,c = ∂cgab ≡ ∂gab/∂ζc, and ζ˙(s) = ∂sζ(s)), gab are the Finsler metric coefficients
gab(ζ(s), ζ˙(s)) =
1
2
∂¯a∂¯bL2q(ζ(s), ζ˙(s)) (10)
where ∂¯a = ∂ζ˙a
i
(see Appendix B) and
Lq(ζ(s), ζ˙(s)) = T (ζ˙(s))/ζ˙0 −Q(ζ(s))ζ˙0 (11)
and T (ζ˙) = (1/2)∑Ni mi∑3k=1(ζ˙ki )2 (mi is the particle mass) is the, still non-relativistic, kinetic energy. In Eq. (8),
V (ζ(s)) is the classical potential, and Q(ζ(s)) is the quantum potential. ζ(s) and ζ˙(s) belong to the hypersurface Σs
and corresponding tangent space defined by the foliation F .
5Deterministic paths in relativistic quantum field theory: the kinematics of Finsler’s geodesics
In Bohiman mechanics, particles follow deterministic paths driven by the combined action of the classical and quan-
tum potentials. In the quantum field theory extension formulated above, the Bohmian potential is fully determined
by the quantum fields, which defines a quantum Lagrangian (Eq. (11)) that governs the dynamics of the associated
particles. Note that in this picture, the fields describe the geometry associated to the particles and not the particles
themselves, which remain point-like in nature and follow deterministic trajectories.
The relativistic covariant many-body matter Lagrangian [34] corresponding to Eq. (11) is defined as (see also [35])
Lrq(ζ, ζ˙) = 1
2
N∑
i
mi
∫
d4z δ4(z − ζi(s))
√
−gab dζ
a
i (s)
ds
dζbi (s)
ds
, (12)
where s is the ‘global’ time defined by the covariant foliation F , and A = ∫ dsL. (As mention in the previous section,
in this work we restrict the investigation to the case of a single, non-interaction spinor field.) We therefore write the
covariant quantum Lagrangian for the particle i as
LiC(ζ, ζ˙) =
∫
d4z δ4(z − ζi(s))
[
1
2
mi
√
−gabdζ
a
i (s)
ds
dζbi (s)
ds
]
−Q(ζ)ζ˙0i (13)
and the total covariant quantum Lagrangian becomes
LC(ζ, ζ˙) =
N∑
i
∫
d4z δ4(z − ζi(s))
[
1
2
mi
√
−gab dζ
a
i (s)
ds
dζbi (s)
ds
]
−Q(ζ)¯˙ζ0 , (14)
where
¯˙
ζ0 =
∑N
i ζ˙
0
i . Following the definition in Eq. (10), we finally obtained the covariant relativistic Finsler metric
(F (ζ, ζ˙) = LC(ζ, ζ˙))
g˜ab(ζ, ζ˙) =
1
2
∂¯a∂¯bL2C(ζ, ζ˙) , (15)
which describes the evolution of point particle in Finsler’s space under the influence of the covariant quantum field
potential Q(ζ) defined in Eq. (7). Note that in Eqs. (8)-(14), we used i for the index over the particles: i = 1, . . . , N ,
and a = 0, 1, 2, 3 represented the 4-coordinates of each particle. With Eq. (15) we introduce a new notation, where a, b
are now global indices for both particle number and coordinates and run between 1 and 4N (a, b ∈ {1, . . . , dim(M) =
4N}); the tangent bundle (TM) has then dimension 2×4N . Within this formulation all quantum effects are absorbed
into the evolution of the quantum field operators that obey the well-known dynamical field equations defined by the
corresponding quantum field theory Lagrangians (see for instance [36]).
The geodesic equation (Eq. (8)) combined with the Finsler metric in Eq. (15) define the trajectory of a relativistic
particle associated to a quantum field, which for instance can be visualized by the trace in a bubble chamber between
the instants of creation and the one of annihilation. (Note that in this work we only consider non-interacting quantum
fields and associated particles, and therefore the particle number is a conserved quantity). In the following section,
we derive the simplest possible extension of this theory to general relativity.
Unified picture: quantum gravity in Finsler’s space
The gravitation field equations can be derived from the variation of action
A(g, ψ,A, . . . ) =
∫
d4xL(g, ψ,A, . . . ) = Ag(g) +Am(ψ,A, . . . ) (16)
where
Ag(g) = − 1
16πG
∫
d4xR
√−g , (17)
6R is the Riemannian scalar curvature and the matter-action Am(ψ,A, . . . ) is a functional of the matter field (ψ),
the electromagnetic field (A) and all other known interaction fields (G is the universal gravitational constant, and
we use the units ~ = c = 1). In classical general relativity, by setting δA(g, ψ,A, . . . ) = 0 one derives Einstein’s
field equations. The generalization of this procedure to classical (non-quantum) Finsler’s spaces has been already
successfully explored in the literature [37, 38].
Using the development of the previous section, we derive now a generalized equation of motion for the time-
evolution of quantum particles subjected to gravitational forces in the extended Finsler’s cotangent bundle TM. The
first assumption we make is that all quantum mechanical effects (in particular entanglement) are captured by the
quantum potential and therefore the dynamics of the single particle can be resolved in its own sector of the N -particle
tensor space defined in Eq. (1) (all ‘non-local’ quantum effects being induced by the effect of the quantum potential
and related curvature). In the following a, b, c ∈ {0, 1, 2, 3} label the base manifold M in the single particle sector of
the N -particle Hilbert space, a¯, b¯, c¯ ∈ {4, 5, 6, 7} the corresponding fibre space, and A,B,C ∈ {0, 1, . . . , 7}. TM refers
now to the single particle tangent bundle.
The extended Einstein’s field equations are derived from the variation of the action (see G. Minas and coworkers [38])
AC = 1
16πG
N∑
i=1
∫
ds d8u δ4(x− ζi(s)) δ4(y − ζ˙i(s))
√
detG (R− S) , (18)
where G is the Finsler-Sasaki metric defined as Gab = g˜ab(x, y)dax ⊗ dbx + va¯b¯(x, y)δya¯δyb¯ with va¯b¯ = g˜ab, d8u =
dx0 ∧ dx1 · · · ∧ dy2 ∧ dy3, and R and S are the curvature scalars (fully contracted curvature (1-3)-tensor components)
in the horizontal-vertical split (see Appendix B). Note that, while we are using the same symbol as in Eq. (17),
the scalar curvature R refers to the cotangent bundle TM with Finsler-Sasaki metric. The field equations for the
gravitation metric tensor g (which through Eq. (15) is a function of g˜) become [38]
Rcacb −
1
2
(g˜ldRclcd + g˜
ldSclcd)g˜ab = kGTab (19)
Scacb −
1
2
(g˜ldRclcd + g˜
ldSdlcd)g˜ab = kGTa¯b¯ (20)
where simple indices a, b refer to the base manifold, M, and a¯, b¯ to the fibre space, kG = 8πG/c4, Rcacb, S
c
acb are
the components of the curvature tensor, R in the tangent space of TM in the horizontal-vertical split basis (see
Appendix B). Furthermore, one can associate the mixed terms Ta¯b and Tab¯ to the corresponding Ricci tensor, giving
1Pab = kGTa¯b and 2Pab = −kGTab¯ [22, 37].
Considering the minimal possible extension to Einstein’s original formulation, we restrict to the case where Ta¯b =
Tab¯ = Ta¯b¯ = 0 and the energy-momentum tensor for the Dirac fields ψ(x) of Eq. (3) is given by [39]
Tab =
i
4
(
Ψ¯γaD~
~
bΨ+ ψ¯γbD~
~
aΨ
)− i
2
gab(g
cdΨ¯γcD~
~
dΨ) , (21)
whereDa = ∂a−ieAa, and Aa is the QED vector potential (see below). In Eq. (21), γa = γi,µ = 1⊗· · ·⊗γµ⊗1⊗· · ·⊗1,
∂a = ∂i,µ = 1 ⊗ · · · ⊗ ∂µ ⊗ 1 ⊗ · · · ⊗ 1 with γµ and ∂µ in position i, i ∈ {1, . . . , N}, µ ∈ {0, 1, 2, 3} and Ψ¯ =
1√
N !
〈Ψ|ψ¯(xN ) . . . ψ¯(x1)|0〉 with ψ¯ = ψ†γ0.
The classical limit. The generalization of a well established and verified theory is only valid when it can correctly
reproduce the corresponding equations in the appropriate limit case. The classical limit of the Lagrangian in Eq. (14)
is obtained by setting Q(ζ) to zero (obtained also by setting ~→ 0). The Finsler metric for a test particle i becomes
g˜ab(xi; x¯N ) = −1
4
m2i gab(x¯N ) , (22)
which defines a Riemannian metric space (with the metric tensor depending on positions only). In this case, the Finsler
non-linear connection coefficients simplify to Nab(x, y) = Γ
a
bcy
c [22, 40]. Here Γabc are the Christoffel symbols and
the curvature obtained from Nab(x, y) becomes the standard Riemann curvature. Since we are now confined to the
base manifold and its tangent space (the tangent bundle TM), the mixed Finsler’s curvature elements in the tangent
space of TM, Scacb and R
c
acb all vanish. From Eq. (19), we then recover the classical Einstein’s field equations,
Rab − 1
2
Rgab = kGTab . (23)
7The case where gravity can be neglected and the dynamics is controlled by the quantum potential has been already
successfully discussed in refs. [1, 2].
Eqs. (19)-(21) together with the definition of the Finsler space Lagrangian LC (Eq. (14)), the corresponding metric
g˜ (Eq. (15)) and the quantum potential Q(x¯N ) (Eq. (7)) constitute the main results of this work.
The interacting field contribution. Even though a thorough investigation of the extension of the energy-momentum
tensor to the tangent bundle TM goes beyond the scope of this work, it is simple to give a flavour of its implications by
looking at the extended electromagnetic field theory. In the case of charged particles, the electromagnetic interaction
is mediated through the action of the 4-vector potential A(x). In Finsler space, A(x) acquires an extra dependence
on the velocity variables and its components, A(x, y), are 0-homogeneous in y. For more information on the physics
of the extended Maxwell equations for the field A(x, y) I refer to the specialized literature [22, 40]. The corresponding
generalized Faraday 2-form is defined as
F = dA or, in local coordinates, F = 12Fab dx
a ∧ dxb + Fab¯ dxa ∧ δyb¯ with components Fab = δaAb − δbAa and
Fab¯ = −∂¯b¯Aa. The sources of the electromagnetic field are given by the 4-currents [41] defined on the spacelike
hypersurface Σs is the usual way, j(x
Σs) =
∑N
i eiδ
3(xΣs − xΣsi ) x˙Σsi where xΣs are the 4-coordinates of the test
particle in Σs at a given value of the global time s (and x
Σs
i is spatial part of the 4-coordinates of particle i, x
Σs
i ).
The total current defines the horizontal components ja(xΣs) of a vector field in TM. However, the energy-momentum
conservation law in Finsler geometry implies the appearance of vertical components of the current, which are not
present in pseudo-Riemannian general relativity, and leads to the general form j = jaδa+j
a¯∂¯a¯ (see Appendix B for the
definitions of δa and ∂¯a¯). Note that for Aa(x) function of the x-coordinates only, it follows that j
a¯ = 0. The extended
energy-momentum tensor in TM is then obtained from the variation of the action SF = − 116pic
∫
F ⋆ F d4x ∧ d4y,
with respect to the spacetime metric an the non-linear connection N , where ⋆ is the Hodge dual [40]. This leads to
T = Tab dx
a ⊗ dxb + Tab¯ dxa ⊗ δyb¯ (24)
with
TaA =
1
4π
(−F BA FaB +
1
4
g˜aAFBCF
BC) , (25)
where g˜ab¯ = 0 [40]. It is interesting to note that, while the field component of the energy-momentum tensor in the
based manifold
(M)Tad =
1
4π
(−F bd Fab +
1
4
g˜adFbcF
bc) (26)
is traceless, (M)T aa = 0, the additional components in TM (with T =
(M)T + (TM)T )
(TM)Tad =
1
4π
(−F a¯d Faa¯ +
1
4
g˜adFa¯b¯F
a¯b¯) (27)
generate nonvanishing-trace tensor with a part proportional to g˜ad, which is an archetype of a cosmological constant
that can be associated to dark energy [42].
CONCLUSIONS
Most approaches to quantum gravity start from Einstein’s classical field theory and derive a coherent and, possibly,
renormalizable quantization of the gravitational field i.e., the metric tensor of a pseudo-Riemannian manifold. In this
work, we addressed quantum gravity from the opposite prospective, proposing a theory in which all quantum effects
are included into the curvature of a non-Riemannian Finsler’s space. Following the work on the geometrization of
quantum mechanics presented in refs. [1, 2], we first generalized the formalism to make the theory relativistic covariant
introducing the concept of many-times field theory together with a relativistic invariant definition of ‘simultaneity’
in general relativity. We then proceeded with the definition of the quantum mechanical potential that contributes to
the composition of the metric tensor in the extended 2 × (4N) dimensional Finsler’s space. The new theory is fully
covariant, incorporates all quantum mechanical effects and reproduces Einstein’s classical gravitation theory in the
limit in which the quantum potential vanishes. Finally, the additional components of the energy-momentum tensor
appearing in Eq. (20) allow for the incorporation of new phenomena that still do not have an explanation within
8classical general relativity and that are commonly associated with the presence of dark matter and dark energy.
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Appendix A
The N -particle spinor wavefunction, Ψ(x1, x2, . . . , xN ) ∈ (C4)⊗N , depends on N electron coordinates xi in
Minkowski space and N spinor indices si ∈ {1, 2, 3, 4} [43]. The meaning of Ψ(x1, x2, . . . , xN ) becomes more evi-
dent if we use the expansion in a given one-particle basis of length K ≥ N ,
Ψ(x1, . . . , xN )→ Ψ(x1, s1, . . . , xN , sN ) =
∑
1≤i1<···<iN≤K
ai1,...,iN 〈x1, s1, . . . , xN , sN |φi1 . . . φiN 〉 (A.1)
where
〈x1, s1, . . . , xN , sN |φi1 . . . φiN 〉 =
1√
N !
det(φik (xl, sl))k,l (A.2)
with
det(φik(xl, sl))k,l =
∣∣∣∣∣∣∣∣∣∣∣∣
φ1(x1, s1) φ2(x1, s1) · · · φN (x1, s1)
φ1(x2, s2) φ2(x2, s2) · · · φN (x2, s2)
. . . .
. . . .
. . . .
φ1(xN , sN ) φ2(xN , sN ) · · · φN (xN , sN )
∣∣∣∣∣∣∣∣∣∣∣∣
(A.3)
and a ∈ S with
S = {a ∈ C
(
K
N
)
, ||a||2 =
∑
1≤i1<···<iN≤K
|ai1,...,iN |2 = 1} . (A.4)
Appendix B
For completeness, in this appendix we introduce the main concepts of Finsler geometry. A more detailed description
of this topic can be found in the literature (see for instance [20, 22, 40, 44]). The dynamics takes place in the tangent
bundle TM (a special case of a fibre bundle) with base manifold M of dimension n = 4N where N is the number of
particles in the system, each one described by 4-coordinates xi = (x
0
i , x
1
i , x
2
i , x
3
i ). Note that the first coordinate x
0
i
(with associated velocity y0i ) corresponds the time variable associated to the particle i and parametrized by a global
time parameter s (see main text). A point in the tangent bundle TM ≡ P has basis (e1, . . . , eN , eˆ1, . . . , eˆN ) ≡ (e, eˆ) and
corresponding coordinates (x1, . . . , xn, y1, . . . , yn) ≡ (x, y). Finally, the tangent space to the tangent bundle P (TuP)
in a point u ∈ P is associated to the coordinate basis ( ∂∂x1 = ∂1, . . . , ∂∂xn = ∂n, ∂∂y1 = ∂¯1, . . . , ∂∂yn = ∂¯n) ≡ (∂, ∂¯).
The Finsler’s function F (x, y) defines a (0,2)-d metric tensor field
gab(x, y) =
1
2
∂¯a∂¯bF
2(x, y) , (B.1)
and the (0,3)-d Cartan tensor
Cabc(x, y) =
1
4
∂¯a∂¯b∂¯cF
2(x, y) , (B.2)
where a, b, c = 1, . . . , n. Note that for Cabc(x, y) = 0 we recover a Riemannian metric space with the metric tensor
9gab(x) independent from y. The corresponding non-linear Cartan connection is given by
Nab(x, y) = Γ
a
bc(x, y)y
c − Cabc(x, y)Γcpq(x, y)ypyq (B.3)
(with Cabc(x, y) = g
ad(x, y)Cdbc(x, y)) where g
ab(x, y) is the inverse of gab(x, y) and Γ
a
bc = g
aq(∂bgqc + ∂cgqb − ∂qgbc)
(to semplify the notation we omit the dependence on the coordinates). The non-linear curvature is then
Rabc = δcN
a
b − δbNac . (B.4)
The connection allows to decompose the tangent space TuP into the vertical space VuP tangent to TuM. This
induces the transformation {∂a, ∂¯b} → {δa = ∂a − N ba∂¯b, ∂¯b} in the basis coordinates of TuP. At this point, one
can define a linear covariant derivative that preserves the horizontal-vertical split of the tangent bundle P without
inducing mixing. In the horizontal-vertical basis, the linear covariant derivative becomes
∇˜δaδb = Γ˜cabδc (B.5)
∇˜δaδb¯ = Γ˜c¯ab¯∂¯c (B.6)
∇˜δa¯δb = Z˜ca¯bδc (B.7)
∇˜δa¯δb¯ = Z˜ c¯a¯b¯∂¯c (B.8)
where a, b, c = 1, . . . , n; a¯, b¯ = n+ 1, . . . , 2n (n is the dimension of M) and
Γ˜cab =
1
2
gcq(δagbq + δbgaq − δqgab) (B.9)
Z˜cab = g
cqCabq . (B.10)
In the basis {δa, ∂¯b} the linear curvature (1,3)-tensor on the tangent bundle (TM) is given by (α, β, δ, γ, φ =
1, . . . , 2n))
R
α
βγδ = XδΓ
α
βγ −XγΓαβδ + ΓφβγΓαφδ − ΓφβδΓαφγ + ΓαβφWφγδ , (B.11)
where
Xα = (δa, ∂¯a¯) , W
a¯
bc = R
a
bc , W
a¯
b¯c = −
∂Nac
∂yb
, W a¯bc¯ =
∂Nab
∂yc
(B.12)
and zero otherwise. R decomposes into the following components labelled by different symbols (capital letters)
depending on the addressed (horizontal-vertical) sectors [22]
R
a
bcd = R
a¯
b¯cd = R
a
bcd (B.13)
R
a
bcd¯ = −Rabc¯d = Ra¯b¯cb¯ = −Ra¯b¯c¯d = P abcd (B.14)
R
a
bc¯d¯ = R
a¯
b¯c¯d¯ = S
a
bcd (B.15)
while the corresponding Ricci tensor components become
Rab = Rab, (B.16)
Ra¯b =
1P ab, (B.17)
Rab¯ = −2P ab, (B.18)
Ra¯b¯ = Sab . (B.19)
(B.20)
Note that the linear connection is not uniquely defined and therefore alternative definitions can also be formu-
lated [37]. The horizontal part of the curvature lR(δa, δb)(.) can be easily evaluated
lRqcab = δaΓ˜
q
cb − δbΓ˜qca + Γ˜qmaΓ˜mcb − Γ˜qmbΓ˜mca − CqcmRmab , (B.21)
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which is related to the original non-linear curvature through the equation
Rqab = − lRqcabyc . (B.22)
Finally, the corresponding geodesic curve s 7→ ζ(s)
ζ¨a +Nab(ζ, ζ˙)ζ˙
b = −gab∂V (ζ(s))/∂ζb , (B.23)
reproduces exactly the dynamics in Eq. (8).
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